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We provide a new perspective on the pseudogap physics for attractive fermions as described
by the three-dimensional Hubbard model. The pseudogap in the single-particle spectral function,
which occurs for temperatures above the critical temperature Tc of the superfluid transition, is
often interpreted in terms of preformed, uncondensed pairs. Here we show that the occurrence
of pseudogap physics can be consistently understood in terms of local excitations which lead to a
splitting of the quasiparticle peak for sufficiently large interaction. This effect becomes prominent at
intermediate and high temperatures when the quantum mechanical hopping is incoherent. We clarify
the existence of a conjectured temperature below which pseudogap physics is expected to occur.
Our results are based on approximating the physics of the three-dimensional Hubbard model by
dynamical mean field theory calculations and a momentum independent self-energy. Our predictions
can be tested with ultracold atoms in optical lattices with currently available temperatures and
spectroscopic techniques.
PACS numbers: 74.20.-z,74.25.Dw,74.25.Gz,71.10.Fd,67.85.-d,67.25.dj
I. INTRODUCTION
The analysis of peaks in the single particle spec-
tral function, measured, for instance, by photoemis-
sion experiments in solids or radio frequency (RF) spec-
troscopy for ultracold atoms, provides important infor-
mation about correlation effects in interacting quantum
many-body systems. In the limit of weak interactions
the spectral function displays peaks close to the ener-
gies of the free fermion energy-momentum distribution
and as such directly represents single-particle properties.
At finite temperature and energies away from the Fermi
surface, peaks are broadened and the width is indicative
of interaction effects, which open up decay channels. If
spontaneous symmetry breaking occurs below a certain
temperature, such as in a superconductor below Tc, the
single-particle excitations become gapped out and shifted
by an amount ∆, the superconducting gap.
A more peculiar behavior is that of excitations be-
ing gapped out (or suppressed) even though no obvious
symmetry breaking and thermodynamic ordering transi-
tion occurs. This is often referred to as pseudogap (PG)
physics. The spectral gap can look very similar to a gap
due to symmetry breaking at finite temperature. There-
fore, it can be difficult to clarify the origin of PG physics
and to distinguish whether it is due to some hidden or-
der or a different effect. A very prominent example of
such physics is provided by the experimental observa-
tions in the hole doped copper-oxide high temperature
superconductors,1,2 where a relatively large part of the
phase diagram is occupied by such a PG behavior. This
phenomenon has attracted an enormous amount of atten-
tion, however, there is currently no consensus about the
physical origin of the this PG for the cuprates, and differ-
ent scenarios have been invoked as an explanation. These
include hidden order,3 spin-fluctuations,4 phase fluctu-
ations and preformed pairs,5,6 and the interplay with
charge fluctuations.7
Here we focus on a conceptually simpler situation
where PG physics has also been reported and that is
for systems of fermions with locally attractive interac-
tions. In situations without nesting the dominant insta-
bility at low temperature is superconductivity and, cor-
respondingly, pairing processes are expected to be most
relevant. In particular, the crossover from weak coupling
Bardeen, Cooper, and Schrieffer 8 (BCS) theory of super-
conductivity to strong coupling Bose-Einstein condensa-
tion (BEC) of pairs has been studied extensively and is
a classical problem in condensed matter physics.9–12 In
the last decade it has attracted renewed interest due to
experimental realizations with ultracold fermions. Su-
perfluidity has been reported in such systems,13–16 also
in the case where the fermions are confined to an optical
lattice.17 Moreover, based on RF spectroscopy PG signa-
tures have been reported for two18 and three-dimensional
systems without optical lattices.19,20
Three non-exclusive concepts are usually invoked to
discuss the origin of PG physics for attractive fermions:
(i) Preformed pairs; for intermediate coupling strength,
pair formation without condensation is expected to oc-
cur at a certain temperature Tp which is larger than the
superfluid (SF) phase transition temperature Tc. These
preformed pairs can lead to PG formation as a certain
binding energy is required to break the pair and re-
solve a single fermion excitation.12,20,21 This idea leads
to a popular scenario for PG physics and is illustrated
in a schematic phase diagram in Fig. 1. (ii) Pairing
fluctuations above Tc and their effect on single particle
properties via a many-body self-energy can lead to PG
physics.21 (iii) Phase fluctuations; in a situation where
fermions are paired one can imagine that a finite mag-
nitude of the order parameter establishes locally, how-
ever, no macroscopic coherent SF phase develops due to
strong phase fluctuation.5 In this situation the presence
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FIG. 1: (Color online) Schematic phase diagram for the pre-
formed pair scenario in the T −U plane with critical temper-
ature Tc, pairing temperature Tp, Fermi liquid (FL) regime,
and PG physics below Tp (after Randeria20).
of the ordering tendency related to a gap can then lead to
PG signatures in the spectral functions.22 This behavior,
which coincides with a small SF stiffness, is expected to
be particularly pronounced in two-dimensional systems.
Within one and the same calculation it is very difficult
to obtain non-perturbative results and to include all rel-
evant fluctuation effects. The purpose of this work is to
contribute to a better understanding of the importance
of particular effects in the lattice situation based on non-
perturbative calculations. It is important to distinguish
different setups when comparing the occurrence of PG
physics for attractive fermions. First of all, dimensional-
ity plays an important role in determining the strength of
fluctuations, and in particular, the two-dimensional sit-
uation has more pronounced fluctuation effects. More-
over, results can differ in calculations for a model de-
fined in the continuum and one on a lattice, such as the
Hubbard model. A well known example is the Tc curve
which drops with the coupling strength on the lattice
as 1/U , whereas it approaches a constant in the contin-
uum. Here we will analyze the attractive Hubbard model
in three spatial dimensions. We will use the dynamical
mean field theory (DMFT) approximation23 to compute
the self-energies and spectral function in the normal and
SF phase. This approximation is non-perturbative in the
interaction strength and therefore can describe very well
the occurrence of preformed pairs. However, it does not
include the effect of phase fluctuations (iii) and also does
not include the effect of small momentum pairing fluctu-
ations. The PG physics observed in our work can there-
fore not be related to such effects. Phase fluctuations
above Tc are usually argued to be of minor importance
for spectral properties in three dimensions.
There is a substantial literature of previous work
on BCS-BEC crossover and PG physics for attractive
fermions, which however does not provide a clear and
FIG. 2: (Color online) Phase diagram at half filling. We
distinguish four different regimes: the superfluid phase (SF);
a non-Fermi-liquid regime (NFL), which is separated into a
region with PG in ρ(ω) and a region without PG (no PG);
and a Fermi liquid regime (FL) below the temperature TFL.
complete picture about PG physics. A popular approach
is the diagrammatic T-matrix approximation,21,24,25
which captures well the effect of pairing fluctuations (ii).
It was applied to the 2d Hubbard model26,27 and PG fea-
tures have been found in the non-selfconsistent version,21
also in the continuum in two28 and three dimensions.29–31
Selfconsistent T-matrix calculations for the 3d continuum
model have found no PG in the spectrum.32,33 However,
in the two-dimensional case recently PG behavior was
found.34 There are also non-perturbative calculations,
such as DMFT and quantum Monte Carlo (QMC) which
found PG features in the continuum model35–37 and for
the Hubbard model at different filling factors.38–44 The
latter results were found to be in good agreement with a
diagrammatic technique.45 It is worth noting that QMC
techniques usually need to perform analytic continuation
of imaginary axis data which can lead to uncertainties in
results for spectral functions. DMFT studies, including
cellular versions, for the attractive Hubbard model have
been carried out in the normal phase,46–49 and in the
broken symmetry phase.42,43,50–54
Our major results are the following:
• For large enough coupling strength we find PG
physics at temperatures T > Tc. At half filling
the PG remains for all temperatures above Tc and
therefore a pairing temperature Tp (Fig. 1) is not
decisive to invoke the PG in the spectral function
(see Fig. 2). For different fillings the spectral func-
tion is shifted due to the flattening of the Fermi
function, such that the main suppression of spec-
tral weight does not occur at ω = 0.
• The occurrence of PG physics at high temperatures
can be understood via split local excitations on lat-
tice sites visible for strong enough interactions.
3• PG physics in the spectral function is related to
Non Fermi Liquid (NFL) properties of the self-
energy (see Fig. 3, detailed definition below).
• We demonstrate in detail how the PG transforms
smoothly into the superconducting gap, when the
temperature is lowered through Tc (see Fig. 6).
The paper is organized as follows: In Sec. II we briefly
describe our model and method. Sec. III discusses con-
ceptual background about the occurrence of PG physics
in relation to the self-energy. In Sec. IV and V we show
results for spectra and self-energies at and away from half
filling before concluding in Sec. VI. In the appendix we
compare the DMFT-NRG calculations to iterated per-
turbation theory and to T-matrix calculations.
II. MODEL DEFINITION AND DMFT
CALCULATIONS
Our study is based on the three-dimensional attrac-
tive Hubbard model,12,55 which in the grand canonical
formalism reads
H =
∑
i,j,σ
(tijc
†
i,σcj,σ + h.c.)− µ
∑
iσ
niσ − U
∑
i
ni,↑ni,↓,
(1)
with the chemical potential µ, the interaction strength
U > 0 and the hopping parameters tij . c
†
i,σ creates a
fermion at site i with spin σ, and ni,σ = c
†
i,σci,σ. We
take only a nearest neighbor hopping (−t), so that the
non-interacting energy-dispersion relation in the three-
dimensional cubic system is given as, k = (kx, ky, kz),
εk = −2t[cos(kx) + cos(ky) + cos(kz)]. (2)
The dispersion satisfies ε−k = εk. The corresponding
density of states (DOS) is denoted by ρ0(ε). In the cal-
culations we will use the hopping t and the bandwidth
W = 12t as energy scales.
The main method used to study the Hamiltonian (1)
is the dynamical mean field theory (DMFT).23 Within
DMFT, we have to self-consistently solve a quantum im-
purity model describing a single lattice site in the en-
vironment of all other lattice sites. In order to calcu-
late the self energy for this quantum impurity model,
we mainly use the numerical renormalization group
(NRG),56 which is able to calculate accurately expecta-
tion values, Green’s functions, and self energies at zero
and finite temperatures57,58 also in the superconducting
case.53,54,59,60 Dynamical correlation functions are calcu-
lated within the NRG by broadening of a large num-
ber of discrete excitations in the Lehman representa-
tion, and as such do not require analytic continuation.
For our calculations, we choose a log-normal broaden-
ing function56,61 with unusually narrow and temperature-
independent width, b = 0.3. One of the main reasons for
this is to avoid a large transfer of spectral weight to high
energies which can be particularly important at higher
temperatures. Using this narrow broadening leads to ar-
tificial oscillations in the spectra, which originate from
the discretization of the bath in the NRG-calculation.
In order to produce physical spectra, we finally smooth
these oscillations by averaging over ∆ω = 0.01W . This
averaging is justified for the present purpose, because we
do not expect very fine and sharp structures in our spec-
tra on this energy scales to determine the physics of the
PG. Furthermore, we carefully compared our NRG cal-
culated spectra with iterated perturbation theory (see
appendix). The latter technique does not require to
broaden discrete excitations and provides therefore a use-
ful test in a suitable parameter regime.
III. FEATURES OF THE SPECTRAL
FUNCTIONS AND SELF-ENERGY
Before presenting the results of our calculations it is
useful to discuss some basic features of the Green’s func-
tions and self-energy, which will help us to better under-
stand under which conditions PG physics occurs. In the
literature PG physics is considered quite generally either
for the integrated spectral function ρ(ω) = 1N
∑
k ρk(ω),
which is equivalent to the local spectrum ρii(ω), or for
k-resolved spectra ρk(ω) close to the Fermi surface. We
will consider both quantities in this paper. We note that
a PG in one of these does not necessarily imply one in
the other quantity.
Let us first note that in the limit of high tempera-
ture T W,U correlation lengths become small and the
physics is dominated by local processes.62 This is seen,
for instance, when we consider the bare single-particle
propagator in imaginary time
G0ij(τ) = −
1
N
∑
k
eikrije−ξkτeβξknF(ξk), (3)
where ξk = εk − µ and τ ∈ [0, β). In the limit of high
temperature, β = 1/T → 0 and nF(ξk) → 1/2. Then
G0ij(τ) in Eq. (3) becomes essentially local, ∼ δij , and
spatial components with i 6= j vanish exponentially with
length scale λ ∼ atT .63 Quantum mechanical hopping is
largely incoherent in this situation. This also means that
DMFT based on a local self-consistent approximation can
become very accurate in this high temperature limit. For
instance, high temperature expansions for the three di-
mensional Hubbard model agree well with DMFT cal-
culations for thermodynamical quantities, and this re-
mains to be the case down to temperatures of the or-
der T ' W/8.62,64 One should, however, note that the
self-energy of the three dimensional Hubbard model does
not become completely k-independent even in the limit
T →∞.65
What are the implications from this for the spectral
function and the self-energy? The excitations in the
4limit where local physics dominates are determined by
the local part of the Hamiltonian, Hloc = −µ
∑
iσ niσ −
U
∑
i ni,↑ni,↓. At half filling the chemical potential is
fixed to µ = −U/2, and depending on the occupation
n = 0, 1, 2 we have the energies Eα = 0, U/2, 0, respec-
tively. Excitations in the spectral function have finite
matrix elements for states where the particle number
differs by one. Hence, in the spectral function excita-
tion at energies ∆E = ±U/2 can be expected. The
corresponding self-energy for the atomic problem reads,
Σii(ω) =
U2
4(ω+iΓ) , where Γ → 0. This implies δ-function
peaks at ±U/2 in the spectral function. In Sec. IV we
will see that DMFT results at high temperature and large
U are indeed of a similar form, ImΣii(ω) = − U2Γ4(ω2+Γ2) .
Away from half filling the situation is more complicated,
but similar features remain visible. If the peak in the
self-energy is strong enough, we find in the spectral func-
tion increased weight at ω = ±U/2 and a suppression of
spectral weight at the Fermi energy. These are the signa-
tures of the PG in the integrated spectral function. For
strong interactions this effect remains observable down
to intermediate temperatures. In other words, the PG in
ρ(ω) is related to the existence of Hubbard bands which
are visible in the spectral function at all temperatures.
We now discuss the appearance of a gap and PG in
the momentum resolved spectral function ρk(ω). In the
normal phase the Matsubara Green’s function reads
Gk(iωn) =
1
iωn − ξk − Σ(iωn) , (4)
where we have assumed a momentum independent self-
energy as appropriate for DMFT calculations. The
spectral function is obtained from analytic continuation,
iωn → ω + iη, η → 0, to yield
ρk(ω) = − 1
pi
ΣI(ω)
[ω − ξk − ΣR(ω)]2 + ΣI(ω)2 . (5)
We have separated real (R) and imaginary (I) parts of
the self-energy.
In the SF state we can include an explicit symmetry
breaking term, ∆0sc, ∆0sc → 0 for spontaneous symme-
try breaking, and the non-interacting Green’s function
matrix G0k(iωn) has the form,
G0k(iωn)
−1 =
(
iωn − ξk ∆0sc
∆0sc iωn + ξk
)
, (6)
For the interacting system we introduce the matrix self-
energy Σk(iωn) such that the inverse of the full Green’s
function matrix Gk(iωn) is given by the Dyson equation
Gk(iωn)
−1 = G0k(iωn)
−1 − Σk(iωn). (7)
The diagonal component of the k-dependent Green’s
function reads
Gk(ω) =
ζ2,k(iωn)
ζ1,k(iωn)ζ2,k(iωn)− Σ12(iωn)Σ21(iωn) , (8)
ω
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FIG. 3: (Color online) Schematic plot for real and imaginary
part of the self-energy Σ(ω) in the FL (left) and NFL (right)
regime. We also show the corresponding spectral function
ρ(kF, ω) which shows PG behavior in the NFL regime. The
dashed diagonal line, ω, helps to identify the solutions of the
equation ω = ReΣ(ω), and those positions roughly coincide
with the PG peaks.
with ζ1,k(iωn) = ω − ξk − Σ11(iωn), ζ2,k(iωn) = iωn +
ξk − Σ22(iωn). The off-diagonal self-energy Σ12(ω), in
particular its real part, plays the role of a dynamic gap
function, ReΣ12(ω) ∼ ∆. Therefore, low energy spectral
excitations which correspond to ω = z(ξk − ΣR(0)) in
the normal phase are shifted by the gap ∆ to ±Ek ∼
±z√(ξk − ΣR(0))2 + ∆2, where z−1 = 1 − ∂ωΣR11(0) is
the renormalization factor. Usually we associate the gap
with a binding energy of pairs and hence we can interpret
this energy shift as an energy required to break a pair and
see a single-particle excitation.
We now discuss the occurrence of a PG for momenta
close to the Fermi surface in the situation where no off-
diagonal self-energy is present. Thus consider k = kF
(interacting Fermi surface) such that ξkF −ΣR(0) = 0.66
Then we can write
ρkF(ω) = −
1
pi
ΣI(ω)
[ω − ΣR(ω)]2 + ΣI(ω)2
, (9)
where Σ
R
(ω) = ΣR(ω) − ΣR(0). Provided that ΣI(ω)
does not vary rapidly, we expect ρkF(ω) to be peaked
when the implicit equation ω = Σ
R
(ω) is satisfied. Ac-
cording to our definitions there is always a solution to
this equation for ω = 0. In a weakly interacting system
at low temperature |ΣI(ω)| usually has a local minimum
at ω = 0,
ImΣ(ω) = −a(T )− bω2, (10)
where a(T )→ 0 for T → 0 and a, b > 0. By the Kramers-
Kronig relation ∂ωΣ
R
(0) < 0 [see Fig. 3 (left)]. Then
the only solution of ω = Σ
R
(ω) is the one at ω = 0.
This is the Fermi liquid peak in the spectral function
at ω = 0 with width ∼ z|ΣI(0)| and weight z, where
z−1 = 1 − ∂ωΣR(0). We define the low energy behavior
in Eq. (10) as Fermi liquid (FL) regime.
A PG is obtained with different behavior.67,68 If
|ΣI(ω)| possesses a local maximum at ω = 0,
ImΣ(ω) = −a(T ) + bω2, (11)
5then ∂ωΣ
R
(0) > 0. If the slope is large enough we will
then encounter additional solutions of ω = Σ
R
(ω) as can
be easily seen graphically [see Fig. 3 (right)]. Whether
this is the case depends on the interaction strength, filling
fraction and temperature. Since |ΣI(ω)| is decreasing,
we obtain a local minimum at ω = 0 in the spectral
function and broadened peaks at finite energies. This
means that the original peak at ω = 0 is split and hence
we obtain a PG. Notice that a local maximum of |ΣI(ω)|
does not necessarily lead to a PG, if the self-energy is
not large enough. In the following we call the low energy
behavior of Eq. (11) Non-Fermi liquid (NFL) behavior.
As we have discussed above |ΣI(ω)| is typically maximal
at ω = 0 at high temperature when the physics becomes
dominated by local interactions. It is also directly visible
in the phase space factor appearing in the second order
perturbation theory in U (see appendix). Therefore, at
high temperature we expect NFL behavior, and at low
temperature we usually have FL behavior. We define
the crossover scale as TFL, i.e., where the behavior of
ΣI(ω) changes from Eq. (11) to (10). In this picture PG
behavior in ρkF(ω) occurs therefore as long as (i) U is
large enough (∼ W ) and (ii) T > TFL(U). In particular,
the PG is always present above Tc if Tc > TFL(U).
IV. PG PHYSICS AT HALF FILLING
In this section we analyze results from the DMFT cal-
culations for spectral functions and self-energies and fo-
cus on the situation at half filling. An overview of the dif-
ferent regimes as function of U and T is shown in Fig. 2.
The phase diagram includes the SF phase and the
regimes where the self-energy shows FL and NFL be-
havior as defined in Eq. (10) and Eq. (11), respectively.
By performing calculations suppressing the SF phase be-
low Tc, we find that the boundary between FL and NFL
regimes (not shown) is connected to the bipolaron transi-
tion at T = 0, which is equivalent to the Mott transition
for repulsive interactions. The NFL regime in the phase
diagram is separated into a region for stronger interac-
tions where we observe a PG in the integrated spectral
function, and a region without PG (no PG) for weaker
couplings.
In the upper panels of Fig. 4 we show the interact-
ing local DOS ρ(ω). At weak coupling and intermedi-
ate temperatures, ρ(ω) very much resembles the non-
interaction DOS, ρ0(ω), and the small self-energy does
not have a pronounced effect. Although |ImΣ| is peaked
at the Fermi energy for U = 0.4W at high temperatures,
there is no PG structure in the DOS. In contrast, for
larger interactions, U/W = 0.6, U/W = 1, we find at
high temperatures a PG structure of two peaks at ±U/2
and a suppression of the density of states at ω = 0. The
behavior is more pronounced for larger interactions. In
both cases the magnitude of the PG is clearly related
to U . This structure is induced by the NFL peak in
the |ImΣ| (lower panels). As discussed in the previous
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FIG. 4: (Color online) Integrated DOS, ρ11(ω), and imagi-
nary part of the self-energy, Σ11(ω), for different interaction
strengths and temperatures.
section III this result can be understood in terms of the
local excitations dominating the physics at high tempera-
ture. At weak and intermediate interaction strengths the
system crosses over to a FL regime before Tc is reached
when decreasing the temperature. For U/W = 0.4 and
U/W = 0.6, |ImΣ(ω)| exhibits a dip at the Fermi en-
ergy at low enough temperature, T/W < 0.1, which is
accompanied with a peak structure in the DOS. Such a
change in the behavior of self-energy and DOS cannot
be observed for strong coupling, where the PG structure
exists for all temperatures above Tc. At very low tem-
peratures, the system is in the SF phase in all cases,
which is characterized by a gap in the DOS, which co-
incides with a dip in ImΣ(ω). So even though the two
cases, U/W = 0.6, U/W = 1, in Fig. 4 look similar at
high temperature (PG) and very low temperature (SF
gap), they display a striking difference for intermediate
temperatures. For the larger coupling strength the SF
transition occurs from a PG state (see also Fig. 6); in
contrast for U/W = 0.6, the SF instability happens in
the FL regime.
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FIG. 5: (Color online) The local pair density 〈n↑n↓〉 for differ-
ent temperatures and interaction strengths. The black arrow
marks the transition from non-Fermi-liquid to Fermi-liquid
behavior. The red arrow marks the transition into the SF
phase.
Further insights can be obtained by studying the be-
havior of the double occupancy or local pair density,
〈n↑n↓〉, which is shown in Fig. 5 for different temper-
atures and interaction strengths.
Independent of the interaction strength, in the high
temperature limit, T  W,U , the pair densities ap-
proach the non-interacting values n2σ, where nσ is the
density for one spin component, at half filling 〈n↑n↓〉 =
0.25. In the atomic limit, t = 0, the double occupancy
can be easily calculated. At half filling, all atomic states
are occupied with equal probability, so that the double
occupancy reads
〈n↑n↓〉 = 1
2 + 2 exp(−U/(2T )) . (12)
At high temperature, T/W > 0.5, this formula agrees
very well with the results in Fig. 5, demonstrating again
that the physics at high temperature is dominated by
local processes.
Decreasing the temperature, 〈n↑n↓〉 increases due to
the attractive interaction. This effect is stronger for
stronger interaction. For interaction strengths U/W <
0.8, we find a maximum before the system enters the
SF phase at Tc. This maximum appears to be corre-
lated with the crossover temperature TFL (black arrows)
between FL and NFL behavior in the self-energy. The
disappearance of the maximum in the pair density for
interaction strengths U/W > 0.8 agrees with the van-
ishing of the FL regime phase in the phase diagram. For
U/W < 0.8, the pair density decreases when lowering the
temperature below TFL, but then increases again when
entering the SF phase (arrow at Tc). For strong interac-
tions (U/W > 0.8) on the other hand, the pair density
increases with decreasing temperature until Tc is reached
and then decreases. This agrees with the known fact
that the superfluidity is driven by interaction energy gain
for weak coupling, as opposed to kinetic energy gain for
strongly coupled systems.52
With these insights we can comment on how our re-
sults compare to the preformed pair scenario in Fig. 1.
It is interesting to note that for very high temperatures
the PG behavior in Fig. 4 does not change significantly
anymore. In other words the PG persists and no Tp for
its appearance can be identified. This is the case even
for temperatures where the pair density has decreased to
values close to the non-interacting result. Furthermore
we found PG behavior for the two cases U/W = 0.6,
U/W = 1 at high temperature, but for intermediate tem-
peratures (T/W ∼ 0.05) the case U/W = 0.6 shows FL
behavior. In both cases we observe a strongly enhanced
local pair density for such temperatures, which can be
interpreted as a preformed pair state, however, the man-
ifestation in the spectral function is different. Both of
these observations are in clear contrast to the preformed
pair scenario, where the existence of the PG behavior is
linked to the presence of an enhanced pair density.20,21
In Fig. 6, we take a closer look at dynamic response
functions close to the SF transition temperature Tc.
The plots in the upper part of figure show ρ(ω) for
U/W = 0.6 and U/W = 1, which correspond to a tran-
sition into the SF phase from the FL and NFL regime,
respectively. The lower part of the figure displays the cor-
responding diagonal and off-diagonal self-energies (real
and imaginary parts). For the weaker coupling case,
U/W = 0.6, at T > Tc there is the usual FL dip in
ImΣ11(ω) and the corresponding peak in ρ(ω). When
the temperature is lowered through Tc the off-diagonal
self-energy becomes finite and a dip in ρ(ω) is induced.
Very close below the transition temperature, the main
effects for this come from ReΣ12(ω). Lowering the tem-
perature further, the amplitude of the diagonal part of
the self-energies decreases without showing new features.
As discussed in Sec. III the gapping out of excitation is
dominated by contributions from ReΣ12(ω).
In the case of stronger interaction, U/W = 1, super-
fluidity sets in the NFL regime with a PG at the Fermi
energy. When lowering the temperature through Tc, the
off-diagonal self-energy becomes finite, but at first the di-
agonal part of the self-energy remains nearly unchanged
(The orange line, T/Tc = 1, overlaps with the dark green
line, T/Tc = 1.1). On further reducing the temperature
the off-diagonal self-energy increases substantially and
ImΣ11(ω) is strongly reduced developing a FL dip at the
Fermi energy. The gap in ρ(ω) changes smoothly from
the PG with broad peaks separated by U to the sharper
structures (coherence peaks) in the SF phase. It is in-
teresting to note that the gap, if defined as the distance
between the maxima is larger above Tc in the PG regime
than in the SF phase. One should also note that for low
temperatures the gap becomes much more pronounced
with a suppression of spectral weight at ω = 0 and as
such is approaching a full gap in the limit T → 0.
A remarkable observation is that the qualitative behav-
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FIG. 6: (Color online) ρ(ω) and Σ(ω) close to the SF phase
transition. We use the same legend for the self-energies as
for the Greens functions. The transition temperatures are
Tc/W = 0.32 for U/W = 0.6 and Tc/W = 0.35 for U/W =
1.0.
ior of the off-diagonal part of the self-energy can change
within the SF phase. Generally, |ReΣ12(ω)| approaches
the mean field result U〈ci,↑ci,↓〉 for |ω| → ∞.54 At weaker
coupling (U/W = 0.6) and low temperature it is minimal
for small ω. Decreasing the temperature, the anomalous
expectation value increases and this is reflected in the
results for Σ12(ω). The ω-dependence can be understood
at weak coupling from the effective interaction for induc-
ing superfluidity, which possesses a repulsive component
which is peaked for small ω.69 However, when entering
the SF phase from the PG regime at stronger coupling
(U/W = 1), |ReΣ12(ω)| first develops a strong maximum
at ω = 0. When the temperature is lowered further this
behavior continually reverts to the one of the weak cou-
pling situation. The form of the spectral function changes
at Tc and there is a shift from the gap feature being in-
duced by Σ11(ω) (above Tc) to Σ12(ω) (below Tc). The
observed strong changes are related to this shift and a
more thorough understanding requires further investiga-
tion.
We now turn our attention to features in the momen-
tum resolved spectral function ρk(ω). A good overview of
the behavior for different interactions and temperatures
can be obtained in the intensity plots in Fig. 7.
We show ρk(ω) for three interaction strengths [U/W =
0.4 (upper panels), U/W = 0.6 (middle panels), and
U/W = 1 (lower panels)] for three different tempera-
tures [T/W = 0.2 (left), T/W = 0.08 (middle), and
T/W = 0.01 (right)]. We also show the Fermi level
(dashed line) and the non-interacting dispersion (full red
line) as an orientation. At weak coupling, U/W = 0.4,
the spectral function only displays a weak modification
from the non-interacting result with certain broadening
of the peaks and a minor shift of spectral weight. At
low temperature the system is SF and excitations at kF
are gapped out. Notice that the width of the Bogoliubov
peaks at the gap edge is overestimated by our broadening
procedure.54
For U/W = 0.6, we find similar features for ρk(ω) as
what has been found for the integrated spectral function,
ρ(ω), as far as the PG is concerned. At high tempera-
tures we see a broadened dispersion similar but shifted
from the non-interacting one. Spectral weight is sup-
pressed at the Fermi energy such that PG features are
realized at high temperatures. Curiously, this PG closes
at intermediated temperatures ∼ TFL where the behav-
ior of the self-energy changes. Below Tc the spectrum is
gapped again. Notice that band renormalization features
appear somewhat weaker than at high temperatures.
For U/W = 1 the NFL regime extends from high tem-
peratures down to Tc. The self-energy undergoes only
very slight changes when decreasing the temperature in
the NFL regime. Accordingly, the momentum-resolved
spectral function for T/W = 0.2 and T/W = 0.08 (lower
left panel and lower middle panel) are nearly the same.
We observe a large PG around the Fermi energy; the
spectral weight at the Fermi energy is very small. When
entering the SF phase, gap features are visible and the
dispersion changes in the vicinity of ω = 0. For this in-
teraction strength, we observe a clear deviation between
the non-interacting band structure and the interacting
spectral function. In the SF phase we find a mirror or
“shadow” band appearing as reflected from ω = 0. These
bands can be understood due to a particle-hole doubling
in the Nambu representation. This is an effect also ob-
served in the antiferromagnetically ordered phase with
zone doubling.70
In Fig. 8 we show particular cuts for ρkF(ω) as a func-
tion of ω. Here we can see the PG features even more
clearly. Similar as in the integrated spectrum, ρ(ω), the
PG is absent for the weak coupling case, U/W = 0.4,
but present at high temperature for stronger interactions,
U/W = 0.6 and U/W = 1. For U/W = 0.6 the PG disap-
pears in the FL regime, whereas it remains for U/W = 1.
We also show the real part of the diagonal self-energy. As
discussed in Sec. III, the peak splitting in ρkF(ω) can be
induced from non-trivial solutions of ω = ReΣ11(ω), and
we have included a dashed line to see this graphically.
8FIG. 7: (Color online) Momentum resolved spectral function for U/W = 0.4 (upper panel), U/W = 0.6 (middle panels) and
U/W = 1 (lower panels). The temperature are T/W = 0.2, 0.08, 0.01 from left to right. The red line corresponds to the
non-interacting system, the green line corresponds to the Fermi energy.
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FIG. 8: (Color online) ρkF(ω) for kF = (pi/2, pi/2, pi/2) for
U/W = 0.4, U/W = 0.6 and U/W = 1 for different tempera-
tures.
As can be clearly seen, this condition is not satisfied in
the weak coupling case. In contrast, at strong coupling,
U/W = 1, the intersection points characterize the peak
positions well. The spectral function changes in the SF
phase (lowest temperatures), where the coherence peaks
at the gap edge become visible.
V. PG PHYSICS AWAY FROM HALF FILLING
So far we have focused on the situation at half filling
where the discussion is somewhat simplified due to the
particle-hole symmetry. In this section we show results
for different filling factors (n < 1) to see how the PG
behavior is affected. This is important for comparison
with experiments with ultracold atoms, where due to the
trapping potential no homogeneous filling fraction can be
expected.
In Fig. 9 results for ρ(ω) and ImΣ(ω) analogous to
the ones in Fig. 4 for the half-filled case are displayed
for n = 0.5 over a wide temperature range. The lowest
temperature corresponds to a gapped SF state. Looking
at the self-energies in the lower panel, we can clearly see
that the classification into FL and NFL regions is still
applicable and |ImΣ(ω)| can either show a double peak
with dip in the vicinity of ω = 0 (FL) or a strong single
peak (NFL). It is useful here to distinguish temperatures
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FIG. 9: (Color online) The DOS and imaginary part of the
self-energy for U/W = 0.6 and U/W = 1 for different tem-
peratures. The filling of the system is fixed to n = 0.5.
T/W <∼ 0.2, where features are close to ω = 0, and higher
temperatures, where the NFL peak in |ImΣ(ω)| moves
systematically to higher energies. In contrast to the half
filled situation the case U/W = 0.6 does not show a clear
PG in ρ(ω). However, for U/W = 1 the PG is clearly
visible. For lower temperatures the minimum in ρ(ω) is
close to ω = 0 and for higher temperatures it moves to
higher energies together with the NFL peak in |ImΣ(ω)|.
Notice, however, that the minimum in ρ(ω) and the peak
in |ImΣ(ω)| do not coincide as they do for n = 1. The
shift of the PG with temperature can be understood by
recalling that at high temperature the Fermi distribution
becomes flatter such that higher energies contribute to
the particle number, n =
∫
dωρ(ω)nF(ω). To satisfy this
relation at higher temperature the spectrum has to be
shifted.
The PG structure in ρ(ω) at elevated temperature can
still be understood from the local picture. For n < 1, we
can write µ = −U/2 − ∆µ (U > 0) assuming ∆µ > 0,
and the atomic energies are Eα = 0, U/2+∆µ, 2∆µ. The
partition function reads
Z = 1 + 2e−β(U/2+∆µ) + e−β2∆µ (13)
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FIG. 10: (Color online) The DOS and imaginary part of the
self-energy for U/W = 0.6, and U/W = 1 for different fillings.
The temperature of the system is T/W = 0.05. All data
shown corresponds to the normal phase.
There are now excitations at ω+ = U/2 + ∆µ and ω− =
−U/2 + ∆µ with generally asymmetric weights
w+ =
1
Z
[1 + e−β(U/2+∆µ)], (14)
and
w− =
1
Z
[e−β2∆µ + e−β(U/2+∆µ)], (15)
respectively.
Without showing explicit results we note that the pair
density 〈n↑n↓〉 displays a similar temperature depen-
dence for n = 0.5 to what was shown in Fig. 5, increas-
ing from n2σ at large T to larger values (maximal n/2).
Therefore, similarly to the half filled case PG behavior
can coincide with an enhanced pair density for large in-
teractions and Tc <∼ T . However, we also find cases, e.g.
U/W = 0.6, T/W = 0.05, with enhanced pair density
(〈n↑n↓〉 ≈ 0.17) and no PG behavior, in contrast to the
expected relation in the preformed pair scenario.
In order to get an insight to overall trends, we compare
several different fillings in Fig. 10. We show ρ(ω) and
ImΣ(ω) for U/W = 0.6 and U/W = 1 for low tempera-
ture, T/W = 0.05, in the normal phase. For U/W = 0.6
ρ(ω) exhibits a FL dip in ImΣ(ω). It is clearly visible,
even for n = 0.1, that the self-energy does not change
its structure when reducing the filling further. The fre-
quency dependence in this FL regime is relatively sym-
metric with respect to ω = 0. The DOS, on the other
hand, changes with n. While for n = 0.5 a clear peak
close to the Fermi energy is visible in the DOS at low
temperature, such a peak is hardly noticeable for n = 0.2,
and it has disappeared for n = 0.1. The amplitude of the
self-energy has become too weak to change the spectrum
and we essentially see a shifted non-interacting DOS.
For U/W = 1, we find a NFL peak in ImΣ(ω) for
all fillings in Fig. 10. We observe similar effects as for
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FIG. 11: (Color online) Momentum resolved spectral function ρk(ω) for n = 0.5 from top to bottom U/W = 0.4, U/W = 0.6,
and U/W = 1; and from left to right T/W = 0.2, T/W = 0.08, and T/W = 0.01. The red line corresponds to the non-interacting
dispersion εk, the dashed green line corresponds to the Fermi energy.
weaker interactions when reducing the filling as far as
the strength of the self-energy is concerned. However,
we find a clear PG structure in the DOS. Whilst the
PG structure at low temperature is pinned to ω = 0,
at high temperature the whole spectrum including the
PG is shifted to high frequencies (see Fig. 9). Note that
at high temperature due to the flattening of nF(ω) the
Fermi energy (ω = 0) does not play such an important
role as it does for low temperatures.
In summary, when analyzing ρ(ω) and ImΣ(ω) we can
find similar features to the ones of the half filled situation
and a PG appears for suitable parameters. However, de-
pending on filling, temperature, and interaction strength,
the occurrence of the PG may be limited. At high tem-
peratures it can be shifted away from ω = 0, although
it is still clearly visible in the spectrum. Moreover, the
impact of the local Hubbard interaction becomes weaker
for a system with smaller filling factor.
Momentum resolved spectra for n = 0.5 and various
values of T and U are displayed in Fig. 11. Generally,
the features are similar to the half filled case. For weak
coupling (U/W = 0.4) we find a shifted and broadened
spectrum which shows a SF gap at low temperature. For
intermediate coupling (U/W = 0.6) interaction effects
are more visible in the spectrum, resulting in stronger
band renormalization effects and shifts of spectral weight.
However, in contrast to n = 1 no clear PG becomes vis-
ible in ρk(ω). For U/W = 1, we see strong interaction
effects and PG features at all temperatures above Tc. We
also clearly observe an asymmetry in the intensity, which
is substantially lower for the ω < 0 part of the spectrum.
Particular cuts along ω for momenta which satisfy
ξkF + ReΣ(0) = 0 are shown in Fig. 12. At weak cou-
pling (U/W = 0.4) the FL peak is gapped out when the
temperature is lowered below Tc. For intermediate cou-
pling (U/W = 0.6) above Tc we find that the FL peak
is shifted away from ω = 0 to higher energies. Also the
coherence peaks below Tc show some asymmetry due to
self-energy effects. A clear PG is only visible for larger
interactions, U/W = 1. The lower panel shows again the
real part of the self-energy. In contrast to the situation
at half filling, the peaks in ρkF(ω) are not well explained
by the intersection, ω = ReΣ(ω). In this situation the
variation of ImΣ(ω) is too strong invalidating the simple
arguments of Sec. III. Nevertheless a NFL peak form of
the self-energy is clearly important for the PG behavior.
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FIG. 12: (Color online) ρkF(ω) for U/W = 0.4, U/W = 0.6
and U/W = 1 and different temperatures. Notice that the
lowest temperature T/W = 0.01 is below Tc in all cases. The
lower panels show the real part of the self-energy including
the line y = ω.
VI. DISCUSSION AND CONCLUSIONS
We have analyzed the occurrence of PG features in
the integrated and k-resolved spectral function of the
three-dimensional attractive Hubbard model for different
temperatures, interactions and filling factors. Properties
of the spectral functions have been traced back to the
characteristic behavior of the self-energy. We find PG
behavior as long as the interaction U is large enough
(∼ W ) and the self-energy shows NFL behavior, i.e.,
T > TFL(U). Our results show marked deviations from
the popular preformed pair scenario, where PG behavior
is directly linked to the formation of pairs at a tempera-
ture Tp > Tc: (i) We find that PG behavior persists up
to large temperatures and is not bounded by some tem-
perature scale Tp. (ii) We find cases with a substantially
enhanced pair density where no PG behavior occurs. The
first effect is related to the fact that we are working with
a lattice model, such that local excitations are always
well defined and related to the chemical potential µ and
U . This might be different in the continuum where it is
conceivable that the preformed pair scenario of Fig. 1 is
applicable. On the other hand we expect the PG to be
present at large temperatures as a non-perturbative local
lattice effect also in the two-dimensional lattice model.
Certainly, other effects like strong phase fluctuations and
small momentum pairing fluctuations, not contained in
our calculations, can lead to an extension of the regimes
where PG behavior occurs.
A word of caution is in order when discussing the large
temperatures addressed in this paper. Here we dealt with
a strict one-band model where the kinetic energy is lim-
ited by the bandwidth. In most real systems very high
temperature would activate higher bands, and in solid
state systems, it can lead to the melting of the crystal
structure; such effects are obviously not allowed in our
setup.
Experiments with ultracold atoms in optical lattices
provide an excellent platform to test our predictions. In-
teractions can be tuned in a wide range by Feshbach res-
onances, the lattices can be loaded with different filling
factors and a temperature range T/W = 0.1− 0.2 is rou-
tinely accessible16. Integrated and momentum resolved
spectra can be measured such that a direct comparison
with our predictions is possible. Thus, we hope that our
work will stimulate further efforts in this field which con-
tribute to a better understanding of the intriguing PG
physics.
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Appendix
1. T-matrix approximation
A popular approximation for the self-energy is the so-
called T -matrix approximation, which corresponds essen-
tially to summing the scattering processes in the particle-
particle channel. One has,26,32
Σ(1) = TU
∑
m,q
eiωmηG(q, iωm), (16)
or equivalently,
Σ(1) = U
∑
q
∫
dω ρ(q, ω)nF(ω), (17)
and
ΣTk (iωn) = T
∑
m,q
eiωnηΓ(q, iωm)G(q − k, iωm − iωn),
(18)
with η → 0. Here we defined
Γ(q, iωm) =
U2K(q, iωm)
1− UK(q, iωm) , (19)
with the particle-particle propagator
K(q, iωm) = −T
∑
n,q
G(q−k, iωm−iωn)G(k, iωn). (20)
The self-energy is Σk(iωn) = Σ
(1)
k (iωn) + Σ
T
k (iωn).
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In the local approximation, the expression simplify.
We find the following result after analytic continuation,
Σ(1) = U
∫
dω ρG(ω)nF(ω), (21)
and
ΣT(ω) =
∫
dω1
∫
dω2
ρΓ(ω1)ρG(ω2)
ω+ − ω1 + ω2 [nB(ω1) + nF(ω2)].
(22)
We have
K(iωm) = −T
∑
n
G(iωm − iωn)G(iωn), (23)
and ρΓ = − 1pi ImΓ(ω+). Introducing spectral functions
we can also write,
K(ω+) =
∫
dω1
∫
dω2
ρG(ω1)ρG(ω2)
ω+ − ω1 − ω2 [nF(ω1)−nF(−ω2)],
(24)
and
Γ(iωm) =
U2K(iωm)
1− UK(iωm) . (25)
The T -matrix calculations can be done non-self-
consistently (Tnsc) and self-consistently (Tsc).
2. Comparison of NRG-DMFT with IPT and
T-matrix
We start with a comparison of the DMFT results ob-
tained using NRG calculations for the effective impurity
model with DMFT calculations using second order per-
turbation theory, usually termed iterated perturbation
theory (IPT). IPT gives qualitatively reliable results in
the half filled Hubbard model.23 Since IPT does not re-
quire a prescription of broadening discrete excitations,
this comparison helps to validate the finite temperature
broadening procedure described in Sec. II. We focus on
results at half filling in this section. In Fig. 13 we show
a comparison of the imaginary part of the self-energy,
ImΣ(ω), and the integrated spectral function, ρ(ω), for
U/W = 0.6 (left) and U/W = 1 (right) and different
temperatures.
Overall the agreement is good with minor deviations in
the tails. There is a particularly visible difference for
U/W = 1, where the IPT result for ImΣ(ω) shows a
somewhat stronger peak. This leads to a more pro-
nounced PG in ρ(ω). We conclude that the DMFT-NRG
results at high temperatures have the qualitative correct
form and the PG remains there.
We also provide a comparison of the DMFT-NRG re-
sults with T-matrix calculations. In particular, we use
the Eq. (21) and following, and include self-consistent
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FIG. 13: (Color online) Comparison of DMFT-NRG (full
lines) and IPT (dashed lines) results for U/W = 0.6 (left)
and U/W = 1 (right) for ImΣ(ω) and ρ(ω).
(Tsc) and non-selfconsistent (Tnsc) results. Note that
the T-matrix calculations are only sensible as long as
1 − UReK(ω) does not become zero, which is particu-
larly important for the non-selfconsistent case. At weak
coupling (U/W = 0.2, not shown) one can find reason-
able agreement of T-matrix calculations with the DMFT-
NRG and all calculations give no PG behavior. However,
in this situation also second order perturbation theory
gives satisfactory agreement.
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FIG. 14: (Color online) Comparison of DMFT-NRG result
with self-consistent (Tsc) and non-selfconsistent (Tnsc) T-
matrix calculations for ImΣ(ω) and ρ(ω) for U/W = 0.4 and
T/W = 0.1.
As seen in Fig. 14 for U/W = 0.4 and T/W = 0.1,
Tsc and DMFT still show reasonable agreement, whereas
Tnsc calculations can lead to a strong overestimate for
ImΣ(ω). This can lead to a PG feature in ρ(ω), even
though calculations with the DMFT-NRG give no PG
behavior.
For intermediate coupling, U/W = 0.6, and T/W =
0.2, we show a further comparison in Fig. 15.
In this case both T-matrix calculations give unreliable re-
sults. The self-energy of the self-consistent version is too
small and ρ(ω) shows no PG. The non-selfconsistent cal-
culation shows a PG but its magnitude is largely overes-
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FIG. 15: (Color online) Comparison of DMFT-NRG result
with self-consistent (Tsc) and non-selfconsistent (Tnsc) T-
matrix calculations for ImΣ(ω) and ρ(ω) for U/W = 0.6 and
T/W = 0.2.
timated. For larger interactions, for instance, U/W = 1,
the deviations get worse. We therefore conclude that
T-matrix calculations - both self-consistent and non-
selfconsistent - within the local approximation do not
give reliable results for the PG physics of the three di-
mensional Hubbard model at half filling.
3. Second order self-energy and phase space factor
The result for the second order retarded self-energy
reads,71
Σr(ω,k) = U2
∫
dε
F r(ε,k)
ω + iη − ε . (26)
The imaginary part of the retarded self-energy is then
given by
ImΣrk(ω) = −piU2F r(ω,k), (27)
where F r(ε,k) = f1(ε,k)+f2(ε,k), with the phase space
factors,
f1(ε,k) =
∑
k1,k2,k3
δ(ξk2 + ξk3 − ξk1 − ε)δ(k + k1,k2 + k3)nk1(1− nk2)(1− nk3). (28)
and,
f2(ε,k) =
∑
k1,k2,k3
δ(ξk2 + ξk3 − ξk1 − ε)δ(k + k1,k2 + k3)(1− nk1)nk2nk3 . (29)
The expressions can be simplified in the limit of large dimensions. The momentum integrations can be replaced by
integrals over the density of states, momentum conservation is implicit so we can omit the corresponding δ-function
and the k-dependence disappears,
f1(ε) =
∫
dε1
∫
dε2
∫
dε3 ρ0(ε1)ρ0(ε2)ρ0(ε3)δ(ε2 + ε3 − ε1 − ε− µ)nF(ε1 − µ)nF(−ε2 + µ)nF(−ε3 + µ). (30)
We can do the integration over the δ-function,
f1(ε) =
∫
dε2
∫
dε3 ρ0(ε2 + ε3 − ε− µ)ρ0(ε2)ρ0(ε3)nF(ε2 + ε3 − ε− µ)nF(−ε2 + µ)nF(−ε3 + µ), (31)
and similarly for f2(ε). In the particle-hole symmetric
case we have,
f2(ε) = f1(−ε), (32)
It is then sufficient to evaluate f1(ε) and we can write,
F r(ε,k) = F r(ε) = f1(ε) + f1(−ε). (33)
This can be evaluated as a double integral for a given
temperature and ρ0(ε). Assuming that ρ0(ε) is only fi-
nite in an interval (−D,D) we can analyze the double
integration as being determined by certain region in the
ε3 − ε2 plane. At T = 0 a geometric analysis of the inte-
gration region shows, f1(ε) ∼ ε2, which gives the typical
Fermi liquid behavior, Eq. (10), at low temperature. In
the opposite limit, T →∞, a similar analysis shows that
F r(ε) is maximal at ε = 0 and it decays for small ε as
−ε2, which yields the NFL form Eq. (11). One can es-
timate the crossover temperature TFL by studying when
then coefficient of the ε2 changes sign. Depending on
the density of states and the approximations made one
finds a result of the order of a fraction of the bandwidth,
consistent with the result in Fig. 2 for small U .
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